It is shown that a normalized Riesz basis for a Hilbert space H (i.e., the isomorphic image of an orthonormal basis in H) induces in a natural way a new, but equivalent, inner product on H in which it is an orthonormal basis, thereby extending the sense in which Riesz bases and orthonormal bases are thought of as being the same. A consequence of the method of proof of this result yields a series representation for all positive isomorphisms on a Hilbert space.
Introduction. Let H denote a Hilbert space (assumed real, for notational convenience) with inner product (·,
by definition of the new inner product for all n, implying that (f n ,x) = 0 for all n, and hence that x = 0.
As usual, the inner product ·, · defines a norm · 1 on H by x 
for all X in H, so V is a positive operator. If we let W denote the positive square root of V , then W is also an isomorphism on H so that, for any x in H, we have x
In the same way, we see that x 2 1 ≤ W −1 2 x 2 , and it follows that the new norm · 1 is equivalent to the original norm on H. In particular, H is then complete under the new norm, hence a Hilbert space, in which {x i } is then an orthonormal basis, being an orthonormal set, that is complete in the new inner product.
3. Positive operators. In the proof above we used the fact that if {x i ,f i } is a Riesz basis for a Hilbert space H, then the operator U on H, mapping x i to f i , is a positive isomorphism on H. It is interesting to note that, in fact, every positive isomorphism on H is such an operator for some Riesz basis in H, thereby providing a representation for all positive isomorphisms U on a Hilbert space. 
